DEFINITIONS OF ALMOST PERIODICITY 



H. GUNZLER 



Abstract. Various versions of the classical definitions of (one- and twosided) 
almost periodicity for functions on groups with values in a uniform space are 
formulated and their equivalence is shown. 



1. Introduction 

The first generalization of continuous periodic / : M — > C in tire direction of 
almost periodicity seems due to Bohl 1893 and independently Esclangon 1904, 
see [13], [IS]; these "quasi-periodic" functions, which appeared in astronomical 
perturbation problems, are in their simplest form sin(ajt) with given a = 

(oi, . . . ,a„) e M", in genereal they are, with given fixed a £ K", those that can 
be approximated, uniformly on R, by expressions X]fc=i c/c^fe with Cfe G C and 
Akit) = e'(™i°i+ - +™""'»)* with rrij integers (or restrictions of continuous functions 
on a n-dimensionable torus) [3S1 p. 145/146], [29] . 

Bohr's almost periodic (=ap) functions of 1923 [T3], [TS], [TH] were defined as 
those continuous / : K — C which had, for any e > 0, sufficiently many e-periods 
T, i.e. \f{t + t) - f{t)\ < e for aU t e E (definitions 3.11 and 3.7 below). 

Bochner 1927 characterized these ap functions as those / : R — >■ C which for any 
sequence (sm) from M admitted a subsequence (sm„) so that (/(Sm„ + • )) converges 
uniformly on K [5]; in [TU] he extended Bohr's theory to / : R Banach space. 

With the Haar measure Bohr's theory has been extended to locally compact 
groups and then 1934 by von Neumann [42] to C-valued functions on arbitrary 
groups. Maak's definition is a combinatorial reformulation of von Neumann's defi- 
nition, this simplifies the proofs of the main theorems (existence of a mean, Fourier 
series, approximation theorem) [36 . 

Finally in [TT] Bochner and von Neumann extended all this to / : G — s- X 
with arbitrary group G and X = locally convex topologically complete linear space 
(exactly for such an extension von Neumann introduced these X [13j). Formally 
subsumed by the Bochner von Neumann theory but introduced independently are 
the weakly ap functions of Amerio [I] (/ : R — > S Banach space with / ap in the 
weak topology) , needed for his proof that the solutions of the mixed problem for 
the wave equation are time-ap |2]. (These functions should not be confused with 
the weakly ap (complex valued) functions in the sense of Eberlein, see e.g. ^U\ . 

Though the definitions of ap of Bohr, Bochner, von Neumann/Maak are quite 
different, implicit in the papers mentioned above is their equivalence. 

As documented by several recent articles, this seems no longer general knowledge; 
also, these equivalences have not been formulated explicitly, especially with respect 
to what range spaces X are admissible; for non-abelian groups, even von Neumann 
was not aware that his left ap implies right ap (this is due to Maak ^38, p. 153]). 
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These were some of the reasons for writing this note. Also, in the non-abehan 
case, some of the characterizations in Theorem 4.1 below seem to be new. 



Not touched upon this note: 

A) Characterization via uniform approximation by "trigonometric polynomials" 
(with coefficients of unitary irreducible finite-dimensional complex representations 
of G): For this the existence of an (ergodic) mean is needed, meaning restrictive 
conditions on the range space X 03], (TT], EZ], [H P- 85], [13], [IS P- 198 Corol- 
lary], [IB p. 112] 

B) For further (also "non- uniform") characterizations of ap see [TH Theorem 2], 

m, m- 

C) Some of the results below hold also for semigroups, with a sharpening of Maak's 
definition of ap, to get still an approximation theorem: [39, p. 45/46], [10], [HJ 
Anhang], [53], [H p. 198], ^ p. 112]. 

D) There is an extensive literature on "almost periodic" functions on semigroups, 
there von Neumann's definition is used verbatim for semigroups, getting only some 
kind of asymptotic almost periodicity, they are no longer almost periodic in the in- 
tuitive sense as in the group case: [5D], [5] for example. Already for / : [0, oo) ^ C 
Bohr's definition gives / = g\^^ with unique g G AP(R,C), but Bochner's defi- 
nition gives asymptotic a.p f = g\^i^ + h, h continuous with h{t) — >• as t ^> oo 
[H p. 96 footnote " Satz]. 

E) For G — R" (or locally compact G) there are several "concrete" gereralizations 
of Bohr's ap functions which include discontinuous periodic functions: Stepanoff-, 
Weyl-, Besicovitch-ap functions, ap distributions, for these see e.g. |38J p. 228-231] 
and the references there, [SI Chapt VI, § 9 p. 206-208], [T] (1.9), (2.17), (2.19), 
Example 3.2], also the references in [3]. E.g. by 5, (3.6), Prop. 3.8, Remark 3.11], 
[i (1.7), (2.19), Ex. 3.2, (3.3)] one has, if 1 < p < oo, with aU "c" strict 

(1.1) AP C SPAP C S^AP C l.mean class MAP C M'^AP C 

OO 

• • • C U M-AP = n c ^'ap = ^s.AP = ^s^AP c 

n=l 

F) "Abstract" generalizations of ap are almost automorphic, Levitan-ap, recurrent, 
distal, minimal, Poisson stable, W-ap, w-ap to mention some, see e.g. Levin 1948 
[53], Levitan 1953 [31], Maak 1950 [Ml P- 231 ^% Maak 1952 [Ml P- 43], Bochner 
1962 [H], Reich 1970 [M], Reich 1977 [ts], Levitan- Zhikov 1982 fW, p. 33, 53/54, 
63, 64, 76, 80], Milnes 1986 gT], Berglund-Junghenn-Milnes 1989 ^8, Chapt. IV], 
Basit-Giinzler 2005 [3 p. 427, 429, 430 (3.3)]. 

G) Also many perturbations of ap functions have been considered, i.e. AP-|-iV with 
A'' some nuUspace, e.g. Frechet's asymptotic ap functions [ISl p. 35], [321 P 43], 
[101 p. 30 Theorem 2.22], [8, p. 157 Theorem 3.13, Example 3.14], ^ p. 425 and 
Examples 5.4-5.9], subsuming Zhang's pseudo ap functions, and the references in 
these books/papers. (See also D)). 

2. Assumptions and Notation 

In the following N := {1, 2, . . . , } and R resp. C denotes the real resp. complex 
field, in the usual topology. Topological notions are as in Kelley [3T] . 
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G always denotes a topological group, i.e. a group and a topological space with 
[x, y) I— ?> xy resp. x x^^ (x, 2/)-continuous on G x G resp. a:-continuous on G (e.g. 
[301 p 16]); no separation, countability or completeness conditions are assumed; the 
discrete topology and thus arbitrary abstract groups are included. ^ — ^{e) will 
denote the set of neighborhoods of the unit e of the topology of G. 

X or {X, ) denotes a nonempty uniform space [211 p. 176] with set of vicinities 
and unique topology on X induced by 'i/ [211 p. 178]; again no separation, 
countability or completeness axioms are assumed. If 7^ M C X, M with the 
restriction '^[j^^ = {[/ n (Af x M) \ \J e } is again a uniform space. 

Standard assumption in all of the following will be 

(2.1) G is a topological group, X a uniform space with uniformity ^ . 
Later we will repeatedly use [3T| p. 176, 179]. 

(2.2) To t/ e ^ exists V with = V (ZV oV dU . 

(2.3) Y := G(G,X) = {/ : G X | / continuous in the '^^-topology}; 
in Y uniform convergence is defined with 

(2.4) r := {y c r X r I tov exists [/ e with Vu c y}, 

(2.5) Vv {(/,g) e F x F | {!{t),g{t)) G C/ for aU t e G}; 

(F, 1^) is again a uniform space, and so is G(G x G,X) with corresponding l^x- 
We say that an M C X satisfies von Neumann's countability axiom {Aq) [431 p. 4 
Def. 2b (2)] if the following holds 

(Ao) there exist (7„ e n G N with (M x M) n [ C/„ j = ( C/) n (M x M) 

\n=l / Uf^-W 

{Ai) means the existence of [/„ S « G N, so that for each U € ^ 

the U r\{M X M) contains some C/„ n {M x M). 

An M C X is called totally bounded if to each [/ G there exist n G N, xi , . . . , x„ G 
M such that: 

n 

(2.6) ^ C U C/(xj), U{x) ■.= {yeX\ {x,y) G [/} [311 P- 198]. 

A uniform X is called topologically complete if each closed totally bounded set M 
from X is complete (each Cauchy net from M converges to some x G M). 
Translates of an / : G — >■ X are defined by 

(2.7) fait) := fita), J{t) := /(at), a, t G G. 

ap means almost periodic, f{M) :— {f{t) \ t G A/}. 

A ^ B resp. A S mean A implies B resp. A is equivalent with B. 

Later we will need 

Theorem 2.1. For a subset M of a uniform space {X,'^) the following 3 condi- 
tions are equivalent: 

(a) M is totally bounded. 

(b) To each net {xi)i£i with all Xi G M there exists a Cauchy subnet {xi.)j^j. 

(c) To each sequence {xn)nen with all Xn G M there exists a Cauchy subnet 
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Here a net {yj)j^j from {X,'^) is called a Cauchy net if to each U E there 
exists a j[/ G J with yi) G J7 for all k,l € J with j^/ < fc, jt/ < I. 

Proof. See Kelley [SI, proof of 32 Theorem, p. 198/199. □ 
3. Definitions of Almost Periodicity 

In the following, G is a topological group, X — {X, ^ ) a uniform space, Y = 
C{G,X) of (2.3). 

Definition 3.1. f : G ^ X is called 

a) left Maak almost periodic (LMap) if f E C{G,X) and to each U £ there 
exist n e N and Ai, . . . , An C G with [Sj=i = G so that if u,v G Ak 
for some k one has {f{ut),f{vt)) £ U for all t £ G. (The Aj need not be 
disjoint.) 

b) right Maak almost periodic (RMap) if f £ C{G,X) and to each U £ 
there are n G N, Ai, . . . , An C G with ~ G so that if u,v G Ak for 
some k one has {f{tu), f{tv)) G U for all t £ G. 

c) LRMap if f is LMap and RMap. 

d) Maak almost periodic (Map) if f G C{G,X) and to each U £ exist 
n G N, Ai, . . . , An C G with ljj=i ~ so that if u,v G Ak for some k, 
(f(sut),f{svt)) G U for all s,teG. 

Definition 3.2. f : G X is called 

a) left Neumann almost periodic (LNap) if f E C{G,X) and the set of ■= 
{sf I s G G} of left translates of f is totally bounded in the uniform .space 
G{G,X). 

b) right Neumann ap (RNap) i/ / G G{G,X) and the set fa :— {fs \ s G G} 
of right translates is totally bounded in G{G,X). 

c) LRNap if f is LNap and RNap. 

d) Neumann almost periodic (Nap) if the set {/[uj | u G ^} is totally bounded 
in the uniform space G{G x G,X), where /[„](s,t) :— f{sut), s,t € G 
and the uniformity for G{G x G,X) is defined as in section 2 (uniform 
convergence on G x G). 

The "ap" von Neumann used in [52, Dcf. 1, p. 448] is our LRNap of Definition 
3.2(c). 

The Nap used here should not be confused with the Nap introduced by Levitan 
(see [33], [33], [351 P- 53/54]), these more general functions are now called Levitan 
almost periodic (e.g. [Ml P- 219/220]). 

Definition 3.3. f : G ^ X is called 

a) left net-net almost periodic (Lnnap) if f £ G{G,X) and each net {sjf)jej 
of left translates of f,Sj G G has a Cauchy subnet in G{G,X). 

b) Rnnap if f £Y and each net {fsj )jeJ has a Cauchy subnet inY — C{G, X). 

c) LRnnap if f is Lnnap and Rnnap. 

d) nnap if f £ G{G,X) and each net {f[sj])jeJ ho,s a Cauchy subnet in 
C(G X G,X) (see Definition 3.2 (d)). 

Cauchy net is defined after Theorem 2.1. 

Definition 3.4. f : G X is called 

a) left sequence-net almost periodic (Lsnap) means f G G{G,X) and each 
sequence (s„/)nGN has a Cauchy .subnet in C{G,X). 

Definitions 3.4 b), c), d) for Rsnap, LRsnap, snap are analogous to Definitions 
3.3b, c, d. 



Definition 3.5. f : G ^ X is called 

a) left sequence-sequence almost periodic (Lssap) if f & C{G,X) and each 
sequence (s„/)neN ho,s a Cauchy subsequence (s„^/)feeN i'ri C{G,X). 

This, for abelian G, is Bochner's Definition [9, p. 143, Satz XXI, / "normal"], 
[M p.154]. 

Since the "B" is needed later for Bohr's definition, we use nn, sn, ss. 

Definitions 3.5 b), c), d) are again analogous to Definitions 3.3b, c, d. 

Definition 3.6. M C G is called 

a) left F- relatively dense (LFrd) if there exists a finite F C G with FM := 
{uw I It e F, u e Af } = G. 

b) right F- relatively dense (RFrd) if there exists a finite F C G with MF — G. 

c) LRFrd if it is LFrd and RFrd. 

d) weakly F-relatively dense if there exist two finite Fi, F2 with F1MF2 = G. 

Definition 3.7. M C G is called 

a) left relatively dense (Lrd) if there exists a compact K C G with KM = G. 

b) Rrd if MK — G for some compact K C G. 

c) LRrd if M is Lrd and Rrd. 

d) weakly relatively dense (weakly rd) if there are compact Ki , K2 with 
K1MK2 = G. 

For a still sufficient weakening see Bohr |19) . 

Definition 3.8. For f e G{G, X),U e-^, 



Pnif, U) 
P{f,U) 



= {r G G I {f{Tx), fix)) e U for all x e G} 
{r e G I (/(xr), fix)) e U for all x e G} 
= {r G G I ifixry), fixy)) G U for all x, y G G} 



Definition 3.9. f : G ^ X is called 

a) left F-Bohr almost periodic (LFBap) if f & G(G, X) and for each U € 
the set Phif, U) of left U-periods is left F-relatively dense. 

b) RFBap iffe G(G, X) and Pnif, U) is RFrd for each [/ G 

c) LRFBap if f is LFBap and RFBap. 

d) FBap if P(/, U) is weakly Frd for all U e . 

Lemma 3.10. For G,X,'^ as in (2.1) and any f : G ~^ X , the following two 
statements are equivalent: 

(3.1) For any U G , the Pi(/, [/) of Definition 3.8 is left F-relatively dense 
(Definition 3.6a) 

(3.2) For any U ^ ^ the Phif, U) is right F-relatively dense. 
The same holds for the Pr and also for the P. 

Proof "(3.1) (3.2)": If with (2.2) V = V-^ e , Pl Phif^V), then t e Pl 
implies (/(r^^s), /(s)) G V^'^ = y or t^^ G Pl, so G = FPl gives 

G = G^i = Pl^F-^ C F-^Pl C G, 

so (3.2) holds. 

"(3.1) <;= (3.2)" and the Pr and P cases follow similarly. □ 

So if in Definition 3.9a the " Pl left Frd" is replaced by "P^ right Frd", one gets 
the same function class; similarly for Definition 3.9b. 

Definition 3.11. f : G ^ X is called 
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a) left Bohr almost periodic (LBap) if f & C{G,X) and for each [/ e the 
Phif^U) is left-relatively dense. 

b) RBap z/ / G C(G, X) and Pnif, U) is Rrd for each U e'^. 

c) LRBap if f is LBap and RBap. 

d) Bap i/ / e C{G, X) and P{f, U) is weakly rd. 

Here the Bap must not be confused with the more general Besicovitch ap (see 
e.g. [31 P- 228/229]). 

Lemma 3.12. ForG,X,'^,f as in Lemma 3.10, (3.3) and (3.4) are equivalent, 
with 

(3.3) For any [/ G the PL{f,U) is left-relatively dense. 

(3.4) For any [/ G the PL{f,U) is right-relatively dense. 
The same holds for the Pr and the P. 

Proof. As for Lemma 3.10, with K also is compact. □ 

Replacing "left rd" in Definition 3.11a by "right rd" gives the same function 
class, similarly for Definition 3.11b. 
For the P{f, U) see also Corollary 4.3. 

Definition 3.13. f : G X is called 

a) left-uniformly continuous (Luc) means to each [/ G there exists a neigh- 
borhood V of the unit e in G such that 

{f{x),f{y)) G U for all x,y £ G with xy^^ G V. 

b) Rue if to each J7 G ^ there exists a neighborhood V G ^(e) with 

{f{x),f{y)) eUifx,yeG with x-^y G V. 

c) LRuc if f is Luc and Rue. 

d) uc if to each U £ ^ there is a neighborhood V of e in G such that 

{f{xvy), f{xy)) G U for all x,y £ G and v £ V. 

Such / are G C(G, X), uniformly continuous / are Luc and Rue; see also Corol- 
lary 4.3 and Question 3, a ^ b ^ c ^ d. 

However, Luc does in general not imply Rue: See Example 6.15. 

For abelian G, the 4 definitions L,R,LR, - coincide in all the Definitions above. 

4. Classical Characterizations of Almost Periodicity 

Theorem 4.1. For G topological group, X uniform space and arbitrary f : G ^ X , 
for f the following 25 properties of section 3 are equivalent: 
LMap (left Maak almost periodic), RMap, LRMap, Map 
LNap (left Neumann almost periodic ), RNap, LRNap, Nap 
Lnnap (left net-subnet ap), Rnnap, LRnnap, nnap 
Lsnap (left sequence- subnet ap), Rsnap, LRsnap, snap 
LFBap (left F-Bohr ap), RFBap, LRFBap, FBap 

LBap and Luc (left Bohr ap and left uniformly continuous ), RBap and Rue, LRBap, 
Bap and uc. Bap. 

With Lemmas 3.10 and 3.12 one gets further equivalent properties. 
For abelian G, with Lemma 5.2 the "and Luc" resp. "and Rue" can be ommitted, 
else not by Example 6.15. 

Definition 4.2. An f : G X with (2.1) which has one and therefore all of the 
25 properties of Theorem 4-1 will be called almost periodic (ap), the set of all such 
f will be denoted by AP{G,X), with the uniformity induced by that of C{G,X), 
(2.4), (2.5), and sup-norm if X is normed. 
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AP(R,C) = {{L)Bap} gives then Bohr's ap functions [II]. 

Corollary 4.3. With (2.1) and fixed f E C{G,X) the following 6 statements are 
equivalent ("All P are" means "For each U £ the P{f,U) is ": see Definitions 
3.6, 3.7, 3.8): 

(1) All P are LFrd (2) All P are RFrd 

(3) All P are Lrd (4) All P are Rrd 

(5) All P are weakly Frd (6) All P are weakly rd. 

Corollary 4.4. With (2.1), (2.3), (2.4) the AP{G,X) of Definition 4.2 is closed 
in C{G,X)] AP{G,X) is complete if and only if X is complete. 

Corollary 4.5. With (2.1) the AP{G,X) is left and right invariant, i.e. with 
f S AP{G,X) and a & G also the translates af and fa G AP{G,X) and f G 
C{G,X),f{x) 

Corollary 4.6. If f £ AP{G,X),f{G) is totally hounded and f is strongly uni- 
formly continuous, i.e. to each [/ G ^ exists a neighborhood W of unit e in G 
with 

(4.1) (fiusvtw), f{.st)) eUifs,teG, u,v,weW. 

Corollary 4.7. With (2.1) and Z another uniform space, f £ AP{G,X) and 
g e AP{G, Z) imply 

(4.2) {f,g)eAP{G,XxZ). 

Corollary 4.8. If G,X,Z are as in Corollary 4-7 and T : X ^ Z is uniformly 
continuous, then 

(4.3) T{AP{G, X)) c AP{G, Z). 

T uc: ToU (E'^z exists V e '^x with {T{u), T{v)) e U if {u, v) e V. 

Corollary 4.9. With (2.1), if X is complete resp. topologically complete resp. a 
topological group for which the left and right uniformities (Example 6.2) coincide 
resp. a topological linear space over a topological field resp. a Banachspace, then 
with pointwise defined operations so is AP{G,X). 

Corollary 4.10. If G is a topological group and X a topological linear space over 
a topological field F, (p e AP{G,F) and f e AP{G,X), then (pf e AP{G,X). 

Corollary 4.11. With (2.1), if to f e C{G,X) exists M C X with f{G) C M and 
M complete and satisfying (A^)) of section 2, then for f the following 4 properties 
(Definitions 3.5) 

(4.4) ssap, LRssap, Lssap, Rssap 

are equivalent and equivalent with f G AP(G,X) (Definition 4-2). 

So for example, if X is a topologically complete group satisfying {Aq) for '^^i 
[or (see (6.2)), all 29 properties of Theorem 4.1 and (4.4) are equivalent; this 
holds especially for X a complete metrizable group, so for Banach spaces. 

Sometimes however "complete" is too strong an assumption: A Banach space 
B in its weak topologiy is topologically complete if (and only if) B is reflexive 
(Example 6.7); but {B,w) is complete if and only if B is finite-dimensional [3T1 p. 
55, III.l.(5f)] (the same holds for dual B' in its w'-topology). 

Also the more familiar (Ai) axiom is in many cases too strong: One can show 
that if the weak topology of a normed space X satisfies (Ai), then X is finite- 
dimensional; the same holds for dual B' in the w'-topology, B a Banach space. See 
however Example 6.7. 
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5. The Proofs 



Proof of Theorem 4.1, for fixed G,X and / £ C{G,X): 

I. ZMap ZNap for Z e {L, R, LR, -} where Z = - means Map <^ Nap: 

This follows from the Definition 3.1 of ZMap, Definition 3.2 of ZNap and of 
totally bounded (2.6); for example / Nap => f Map: By (2.2) to U e there is 
V G ^ with V = and V oV C U, f Nap means there are oi, . . . , a„ G G so 
that to each u E G there is ju G {1, . . . , n} with {f{saj^t),f{sut)) G V for all t G G. 
Define A^- {u G G | {f{sajt)J{sut)) G for aU s,t G G}, then U"=i = G 
and if w, u G Aj for some j, (/[a^], /[«]) G (/[a^], /[„]) G V^, on G x G; this implies 
(/[«],/[«,] e = V, (/[a,], /m) G so /[„],/[.„]) gT/oT/cC/ on GxG, ie.e / is 
Map. 

II. ZNap ^ Znnap <^ Zsnap for Z G {L,R,LR, -}: 

This follows from Theorem 2.1, since the G(G, X) resp. G(G x G, X) used in 
Definitions 3.2 are uniform spaces by section 2. 

For the following we need 

Lemma 5.1. (Maak ^38, p. 143, Satz 4]/ For G,X as m (2.1), f left Maak ap 
implies f Maak ap. 

Proof. By (2.2) to U £ there exist V,W £ with V oV C U,W oW C V 
and W ^ W^^ . To W exist n G N, non-empty Ai, . . . , A„ G G with U"^^ Aj = 
G so that {f{ut),f{vt)) G for all i G G whenever u,w G same Aj. Choose 
Oj G Aj, then {}{utd), }{ajtd)) G if u G A^, t,d £ G,l < j < n. Now the 
5fc := akf^gkit) ■= f{akt), are again LMap (the a^^Aj satisfy Definition 3.1a for 
gk,W), with Bkj := a^Mj one has G = U"=i ^fej and {gk{ut) , gk{vt)) G if 
M, u G Bfcj for the same j, t G G, j G / := {1, . . . , n}, k G I. 
For /3 = (/3i, . . . , /3„) G /" define G^ QLi • 

Then U/3g/" G^ = G : To a; G G and fc G / exists f3k,x G / with x G i3/c/3fc^ , so 
X G Cpi^x),l3{x) := {(iixT ■ ■ T Pnx)- The G/j form a partition of G in the sense of 
Definition 3.1a for the gi, . . . ,gn simultaneously: 

li u,v G sameG/3,/? = (/3i, . . . , /3„), then u,v G Bkp^ for all fc G / imply 
{gk{ut) , gk{vt)) G W for all i G G, fc G /. These GjB, (3 G I" now also form a partition 
for / and U in the sense of Definition 3. Id: Fix /3 G /", s,t G G,u,v G this Gp; to 
s there is fc^ G / with s G Ak^ , so 

(5.1) {f{sut)J{akut)) G W, {f{akM)Jisvt)) G W. 

Furthermore, since u,v G same Gp, {Cjj) a partition for all gk by the above, one 
has 

(5.2) {f{akM)J{akM))^W. 

(5.1), (5.2) andW CW oW dV imply {f{sut)J{akM)) G o c and 
(/(ofc^wi): fisvt)) G o C F and so 

ifisut), fisvt)) gV oV dU ioT any s,t G G. 

□ 

III. LMap ^ RMap ^ LRMap ^ Map: 

If f{x) :— f{x^^), f Rmap implies / LMap (with Aj^), so with Lemma 5.1 one 
gets: / LMap ^ / Map ^ f LRMap ^ f RMap ^ / LMap f Map f RMap 
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=^ / LMap ^ f = f LMap. 

IV. The 16 ZS, Z G {L,R,LR,—},S e {Map, Nap,nnap, snap} are all equiv- 
alent: 

This follows from I, II, III. 

V. Map (For a\l U € the P{f, U) is left F-relatively dense) ^ FBap 
Bap: 

By Definition 3. Id to [/ G there exist ^i, . . . , An C G and aj ^ Aj,l < j < n 
with Uj=i = G and {f{sut),f{sajt)) £ U foY s,t & G and u G A^; replac- 
ing s by saj^ gives {f(sa~^ut),f{st)) € U for s,t €: G, i.e. aj^w € P{f,U) if 
u G 1 < J < n. Now if a; G G there is ja; with x G A^^, so G P{f, U) or 
a; G FP{f, U) with F := {ai, . . . ,a„} : P(/, [/) is left F-relatively dense and thus 
weakly Frd and weakly rd as needed in Definitions 3.9d, 3. lid. 

VI. All U) LFrd LFBap LMap: 

2nd ^: With U,V of (2.2) to P := PL{f,V) exists F = {ai,...,a„} with 
PF = G by Lemma 3.10. Define Aj = Pa,, then U"=i = G. Ifu e Aj,t e G, 

then u = TQj with t G P, so {f{ut),f{ajt)) = (f(Tajt),f{ajt)) G V. So if 
u,v G same Aj , {f{ajt),f{vt)) G V'^ = \/, or {f{ut)J{vt)) eVoVcU, 
any t G G, i.e. / is LMap (Definition 3.1a). 

VII. All P(/, [/) LFrd ^ RFBap ^ RMap: 

This follows from Lemma 3.10 as in VI, or with VI for f{x~^). 

VIII. All P(/, U) LFRrd ^ LRFBap ^ LFBap ^ RFBap <^ Map: 
This follows from V, VI, VII and III. 

IX. All P(/, U) LFrd ^ all P(/, U) Lrd ^ LRBap ^ LBap and / Luc: 
The first two "=>" follow from the definitions and Lemma 3.12; Lemma 5.2 below 

gives the last "=>". 

Lemma 5.2. With (2.1), f LBap implies f Rue, f RBap implies f Lue. 

Proof. For given U € ^ one has to show {f{x),f{y)) G U if x~^y G suitable 
neighborhood of e in G (Definition 3.13b). By (2.2) to U exist V,Vi e ^ 
with Vi = Vj^\V oV C V^i, VI o V^i c U. With P := PL{f,V) there exists a 
compact K C G with PX = G, using Lemma 3.12. Since / is continuous on 
G, to each a € K exist a neighborhood Na of e in G with {f{aw),f{a)) G V 
if w £ Na- To A'^a exists an open neighborhood Wa of e in G with WaWa C 
A^o, a G aWa,aWa is open. Since ii' C UaeK '^^ai there exist ai, . . . , a„ G iif with 
K C Uj=i CLjWay Define W ~ Plj^i j a neighborhood of e in G. If x,y G G 
with w := x~^y G W, one has j/ = xw. x G G = Pif gives a; = r^ax with G 
P,ax G ii", so Ox G aj^Waj^,x = Txaj^w^^w^ G Wa,^. Then {f{x),f{aj^Wx)) = 
{f{Txaj^Wx),f{aj^wx)) G V, {f{aj^Wro),f{ajJ) G F since u;^ G W^^.^ C Na^^, so 

{f{x)J{ajJ)&VoVcV^. 

{f{y),f{aj^w^w)) = {f{T^aj^Wxw),f{aj^Wxw)) G V, {f{aj^Wxw),f{ajJ) G V 
since G VKa,^,«; G C , 1V„,^, 1^„,^, C A^„,,,. This gives (/(y),/(a,J) G 
yoy c Vi or (/(a,J,/(y)) G \/f ^ = V^. Together one gets {f{x)J{y)) G VioVi C 
f/, / is Rue. 

The second implication follows by applying the first to /(x~^). □ 
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X. LBap and / LUC ^ LMap: 

With (2.2) to U € exist V G with F = y-^ and F o y c U, then 
Vi £ ^ with Vi oVi C V. By Lemma 3.12, to Vi exists a compact K C G with 
PK = G,P := Pl(/, Vi)- / Luc gives an open neighborhood of e in G with 
(/(x), /(y)) G Vi for all x,y € G with e W. isT compact gives oi, . . . , a„ G 
with Js: C Uj=i W^aj- Define := PWaj.l < k < n. 

Then Uj=i = G : x G G = PK gives x = ra with r € P, a € iC, so a; = rwa^- 
for some j and w G W, i.e. x G this . 

The Ai,...,An satisfy Definition 3.1a for / and U: Fix j € {l,...,n}, 
assume u,v € ^j)^ S G : then u = Twaj with t € P,w € W, so A := 
i.fiut),f{wajt)) = {f{Twajt),f{wajt)) e 14, similarly B := {f{Tajt),f{ajt)) e Vi, 
G := {f{wajt)J{ajt)) G by the definition of W, wajt{ajt)-^ = w e W. 
A G Vi,C G Vi imply {f{ut),f{ajt)) G Vi o Vi c Since v also G A^-, one gets 
if{vt), f{ajt)) G V therefore f{vt)) gVoV dU. 

XI. LRBap RBap and / Rue RMap: 

Apply IX and X to f{x-^) (see III). 

XII. All P(/, U) Lrd <^ LBap and / Luc <^ RBap and / Rue <^ Map: 
This follows from IX, X, XI, III, V. 

XIII. Bap ^ FBap and F uc: 

We first need 

Lemma 5.3. To f G C{G,X), K compact d G, U G ^ there exists a neighbor- 
hood W of e in G such that 

ifiawb), f{ab)) G U for all wGW,a,bGK. 

Proof by contradiction: Else there exists Uq G such that to each neighborhood 

of e there arc a7v,&7v G K,wn G N with (/(fflivW7v&Af)/(a7V, ^w)) not in Ua- 
Here (aAr)jve^(e)) (^Jv) nets from K,{wn) is a net from G with wn e; hence 
there exists subnets (om), (&m), (wm) (same M for all three) with om — >■ a G 
K,bM b E K,wm — > e. This implies aMWubu — > ae6 = a5, so f{aMWMbM) — > 
f{ab),aMbM — > ab, f{aMbM) /(«&)• Now by (2.2) there exists [/ G with 
?7 = f7~^ and U o U C Uo- To ?/ exists Mq with {f{aMoWMobMo)-,f{oh)) G 
U, {f{aMo,bMo),f(ab)) G t/, implying (/(om o^-'Mo^Moi f((^b))) G U o U (Z Uq. Since 
Mq is a N G ■vV{e), this is a contradiction with our choice of the un, wn, &jv- D 

Lemma 5.4. / Bap implies f uc (Definition 3.13d). 

Proof. By Definitions 3. lid and 3.7d, to ^ G there exists a compact K C G 
with KPK = G,P:= P{f, V), AT = ATi U K2. With (2.2), to U exist Vj G with 
Vj- = y-i, j = 1,2,3 and o 1^ c J7, ^2 o ^2 C Vi, o V'3 C V2. By Lemma 5.3 
to V2 there exists W G J^{e) sucht that {f{xwy),f{xy)) G V2 for all w G W, all 
x,y G L := KK, again compact (all nets from L have in L convergent subnets). 

To s,t G G exist a,b,c,d G K and r, r' G P with s = or6, t = cr'd, now 
y = V^3, = P{f,V3y, then {f{swt),f{abwt)) G V3, (fiabwt), f{abwcd)) G V3. 
This gives {f {swt) , f {abwcd)) G V3 o V3 C V2. If now w G the above W, one 
gets {f (abwcd) , f {abed)) G V2, so {f {swt) , f {abed}) G V2 o V2 c Vi; from this 
{f{st),f{abcd)) GVi = yf 1 if u; = e. So finally {f{swt),f{st)) gVioVi CU it 
w GW,s,t G G, as desired. □ 



Lemma 5.5. / Bap implies f FBap and f uc. 

10 



Proof. With Lemma 5.4 we have only to show (Definitions 3.9d and 3.6d) that 
to each U e there exists a finite F C G with FP{f, U)F = G. For this, 
to given U choose Vi,V2 as in the proof of Lemma 5.4. By assumption, to Vi 
there exists a compact K C G with KP{f,Vi)K = G. By Lemma 5.4 to V2 
there exists W e ^(e) with {f{swt)J{st)) e V2 ii w e W,s,t e G. De- 
fine P = P{f,Vi),T = WPW; then if s, t G G, ct £ T, cr = utv with u,v e 
W,T e P, one has {f (sat) f (suvt)) = {f{suTvt),f{suvt)) e Vi, {f{suvt),f{svt)) e 
^2, if{svt)J{st)) e F2; with e Vi this gives (/(sat), /(st)) e 

1^1 o 1^1 C [/, i.e. T C P(/,f/). 

T is weakly Frd: To the above K, W (the latter can be choosen open) there 
exist aj,bk G K with K C [j^^iO-jW, K C Uj=i ^^^fc! '^ith these define F := 
{ai, . . . , flm, 61, ... , 6„}. Then FTF — G : li x ^ G = KPK, x — ajurvbk with 
suitable j, fc, u, w G VF, r e P, so a; £ FWPWF = FTF, FTF = G. □ 

XIV. FBap Map: 

ToU e"^ choose £ ^ with F o c C/ by (2.2); by assumption there 

exists F = {ai, . . . , a„} C G with FPF = G,P := P{f, V). Define Ajk = a^Pafc; 
then [Jj Ajk = G. The (Ajk) is a U-partition for /: If m g Ajk,u — ajrak with 
r G P, so {f{sut),f{sajakt)) = {/{sajTakt), f{sajakt)) £ for all s,t G G; if 
w G same A^-fc, also {f{svt),f{sajakt)) e so together one gets {f{sut),f{svt)) e 
F o F C [/, / is Map. 



XV. Bap O FBap ^ FBap and / uc ^ Map: 

This follows from XIII, XIV, V. 



The proof of Theorem 4.1 is now complete. 



Proof of Corollary 4.3. With Definitions 3.6, 3.7, 3.8, Lemmas 3.10, 3.12, " / Bap 
f Map" of Theorem 4.1 and " / Map ^ all P are LFrd" of Part V of the proof 
of Theorem 4.1 □ 

Proof of Corollary 4.4. "AP closed": Definitions 3.1 for V, U with (yoV)oV CU 
of (2.2). "only if: constants X C AP{G,X). 

"if: If for a Cauchy net (/j) the fj{x) — >: f{x) for all a; G G, then fj f uniformly 
on G, so / G G(G,X). □ 

Proof of Corollary 4-5. With a^^Aj resp. Aja~^ resp. Aj^ in Definition 3.1a. □ 

Proof of Corollary 4-6. f{G) totally bounded follows with Definition 3.2a or (5.4). 
By Theorem 4.1 the / is uc (Definition 3.13d), repeated use of this and (2.2) give 
(4.1). □ 

Proof of Corollary 4-7. With Definition 3.3a, the definition of the uniformity for 
X X X f3T| p. 182], and repeated subnets. □ 

Proof of Corollary 4-8. Obvious. □ 



Proof of Corollary 4-9- We omit the proof for X = non-abelian group. If X is an 
abelian topological group, /, G AP{G, X), (sj) a net from G, there exists a subnet 
(tp) with (ftp) and (gt^) Cauchy, commutativity of "+" and (2.2) give (/ + g)tp 
Cauchy; similar in the other cases. One could also use Corollary 4.7. □ 

Proof of Corollary 4-10. With Corollary 4.7, the (A, x)-commutativity of \x in (0, 0) 
and the total boundedness of ^{G), f{G). □ 
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Proof of Corollary For / e C{G,X), with Definition 3.5 and Theorem 4.1 

one has 

(5.3) ssap ^ LRssap ^ {^-:^:li:ra^p} ^ snap. 

It remains to show snap ssap. By Theorem 4.1, / is RNap, i.e {ft \ t e G} is 
totally bounded in C{G,X)\ this and (2.4), (2.5) imply 

(5.4) / G AP{G, X) ^ /(G) totally bounded in X. 

Then the closure /(G) is also totally bounded with (2.2), K := /(G) C M = M of 
Corollary 4.11, if is also complete. By 32 Theorem of [SU p. 198] K is compact. 
Since M satisfies (^0)7 K also satisfies (Aq). By Lemma 5.6 below, K satisfies 
(Ai), there exists a sequence {Un)neN of [/„ G which form a basis for '^j^, one 
can assume Un+i C C/„ , n e N. 

Let there now be given arbitrary sequence (s„)„gN from G. / snap means there 
exists a subnet {sn{j))jeJ so that (/[„(j)]) is Cauchy in G(G x G,X). (s„(j)) subnet 
of (s„) means 

(5.5) to any m G N exists G ^ with m < 7i(j) if jm < J- 

(/[rij]) Cauchy implies: If m G N is given, and, by (2.2), to Um one chooses Vm G ^ 
with y,„ o Vm C ?7„i, then 

(5.6) to Vjn exists fc„i G J, j™ < fc^ , with (/[s„(„)](s, *), /[s,.(„)] (s, t) e F„ 

for all s, i G G if M, w G G with km ^ w and km < 

Define (axiom of choice) q{m) := n{km),iTi G N. Then {sq^)mG'N is a subsequence of 
(s„): If, for given n, n < m, then jm < and (5.5) imply n < m < n{km) = 
For fixed s,t £ G, {f{sSn(j)t))je.J is Cauchy in K = f{G);K being complete, there 
exists F{s, t) £ K with /(ss„(j)t) ^ i^(s, t). So to m there is j = j{s, t,m) € J with 
{f{ss„(j)t),F{s,t)) G and /c™ < j. With (5.6) one gets (/(ss,(„)i), F(s, i)) G 
o C Um, for all s, i G G, m G N. 

So if p G N is given, p < to G N, if{sSgi^m)t),F{s,t)) € Um C Up, for all s,t G G. 
This means, since the (C/p)pgN form a basis for U\^, that (/[s,(„)])mGN is Cauchy 
in G(G X G, X). So / snap does indeed imply / ssap. □ 

Lemma 5.6. // (X,^) is a compact uniform space which satisfies (Aq), then 
{X,'%) satisfies (Ai) 

See also Lemma 11, and the remarks after it]. 

Proof. By (^0) there exists a sequence {Un)n&i from with H^^ILi Un = f]"^ ■ The 
(Un) form a basis for : Else there exist Uq & and (m„,w„) G J7„ with {un,Vn) 
not in C/qi n Cz N. Since X is compact, there exists a subnet {un(j))je.j) of (wn) and 
u G X with Un(j) — > u. Similarly there are a subnet (fm(fe)) (''^n(j(fe))) of (f„(j)) 
and w G X with Vm(k) ^ Since (TO(fc)) is a subnet of (n(j)), Um(k) ^ u. Now 
given choose y„ with (2.2); by the above there is k with {u,Um(k)) G Vn and 
(I'l i'm(fc)) ^Vn — V^^, so (u, w) G y„ o ]/„ c J7„. Since this holds for any n, (u, w) G 
nr=i = f]'^- This implies, with (2.2), Vm{k) ^ u, and then (u„(fe), ««(*:)) e J/q 
for some fc, a contradiction. □ 

6. Examples 

1. Any semimetric space {X, d),0 — d{x, x) < d{x, y) = d{y, x) < d{x, z) + d{z, x) G 
M, x,y, z G X, becomes a uniform space with 

"^d ^ {U C X X X \ U D {{x,y) \ x,y e X, d{x, y) < e} for some e G (0, 00)}, 

it satisfies (^1) and so (Aq). 
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C[G,X) of (2.3) is then again semimetric with d{f,g) := snp{d{f{s),g{s)) \ s £ 
G} ; the same holds for X seminormed hnear with ||/|| := sup{||/(s)||x : s £ G} 

2. Any topological group G becomes a uniform space with '^l, and also with '^^r, 
where '^l := {[/ C G x G | C/ D yC/ for some V G .-/^(e)} with .yK{e) = set of 
neighborhoods of unit e of G, and 



similarly with Uy '■= {ix,y) & G x G \ xy ^ £ V}. Both uniformities induce 
the same topology in G, the original one. They coincide if and only if [301 p. 21-23] 

(6.1) to any V £ ,yV{e) there is W e J/{e) with xWx^^ C V for all x £ G. 

For non-abelian non-compact G however, and 'Wr are in general not equivalent: 
See example 16. 

Special cases: X a linear topological space over a topological field, for example X 
seminormed linear, a Banach space B, or distribution spaces as ^(^i, C), ^'(f2, B), 

J5^(R",C),^'(R",B), open C W\ 

3. If X is a topologically complete topological group satisfying [Aq) for 'Wl (or '%;), 
then for this X and any G the 29 conditions of Theorem 4.1 and Corollary 4.11 
are equivalent; this holds especially for X complete metric group, so any Banach 
space. 

If X is a topological abelian group, the X with the induced uniformity (see example 
2) satisfies (Aq) if and only if 



4. If G is a topological group, F £ {M, C}, / : G ^ V, define F : G ^ hy 
{F{s)){t) = fs{t) = f{ts), s,t & G. Then the following 3 statements are equiva- 
lent, with B = AP{G,V), BUG{G,V) (bounded uniformly continuous functions), 
BG{G,V) (bounded continuous functions), or 1°°{G,V), Banach spaces with the 
sup-norm: 

a) / £ AP{G, V),h) F € AF{G, B), c) F weakly ap, i.e F e AP{G, (B, w)), 
where {B^w) denotes B in its weak topology [32l p. 235]. 

( a) => b) => c) follows from the definitions and Corollaries 4.6, 4.8, c) ^ a) with 
ip{h) := h{e),h £ B : ip £ dual B'.) 

5. If X is a locally convex real or complex separable linear space which satisfies 
(Aq) of (6.2), then the weak topology of X satisfies (Aq) also. 

The proof of Lemma 8 of [26j p. 203] works also for the more general (Aq) here, no 
separation (Hausdorff) axioms for X are needed. 
Special case: X seminormed linear separable implies {X,w) has (Aq). 
So for / £ G{G,X) with X seminormed linear and /(G) separable, e.g. G separa- 
ble, one has (Ao) for the weak closure of /(G) in {X, weak topology). 

6. A converse of example 5 is false: AP{R,C), BUG{R,C), BG{R,C) (see exam- 
ple 4) all satisfy (Aq) in the weak topology, none is separable (=weakly separa- 
ble). (UHl Lemma 1, p. 337]; AP not separable: if (/„) dense, choose uj not in 
U„ Bohr-spectrum(/„), /„^ e'"*, then = mean(/„^e~''^*) 1.) 

7. For reflexive Banach spaces B, Corollary 4.11 can be applied to any / £ 
AP{G, {B,w)) with w the weak topology and with /(G) separable. 

{B reflexive is equivalent with B weakly topologically complete [UJ p. 38 Theorem 1, 



vU := {{x,y) £ G X G I x-\j eV}, V e ^(e). 



OO 



(6.2) 




n=l 
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p. 70 Theorem 2(B)]; (Aq) with example 5; 

here the in /(G) induced weak uniformity satisfies even (Ai).) 



8. More information on AP{G, (Bjw)) with B Banach space can be found in [26l 
Theorem 3, corollary I p. 201, Corollary and Lemma 10 p. 204], [27] ■ For example, 
with all / e AP{G, {B,w)), one has 

{/(G) separable} = {the weak Bohr spectrum of f is countable} 
C {/ is Lssap} C {/ ap}, 

with examples showing that the two "c" are strict {\TT, p. 124, (86), p. 138-141]); 
AP{G, {B,w)) = {f :G ^ B -.yo f e AP{G, F) for all y £ B'}, F = R or C with 
Corollary 4.9. ((B, w) complete ^ dimB < oo ^ p.55, (5f)].) By [27l (18)] for B 
Banach space the "the {B, w) satisfies (Aq)" is equivalent with "dual B' is separable 
in the w'-topology" . See also examples 10 and 14, and p. 200, 203/204]. 

9. For open C M",ri G N, X Banach space, the distribution spaces !^{il,C), 
^'{n,X), y{W,C),y{W,X) are complete and satisfy {Aq), so Corollary 4.11 
is applicable to any / 6 AP{G,T), T any of the above distribution spaces, any G; 
with the exception of ^(R",X) they do not satisfy the first countability axiom 
(^i)- 

(If n = M" and X = C, for "complete" see p. 66, 71, 235, 238]; {Aq) for 
^'{n, X), ^'(R", X) follows with C) separable, dense in ^ (rj = R") and ^' 
[461 P- 75]; (Ao) for ^ follows with & refiexive and ^'(17, C) separable.) 
The above holds also for various other Distribution spaces, e.g. (i^LO' = is 
complete and satisfies (Aq) (for definitions see [3 p. 367 Prop 2.9]). 

10. Aheady for G (R, +) there exist X and / e AP(R, X) with / not ssap (Def- 
inition 3.5, = Bochner's characterisation), X is even a locally convex topological 
linear space which is topologically complete: X — Z°°(R,C) with the w'-topology 
induced by Zi(K,C) in = duaUi(R, C)', (/(t))(s) e*'**, s,teK. 

The same holds for this / and X — C"^ with the topology of pointwise convergence 
on R, this X is even complete. 

For such an / with X — Banach space in its weak topology see [27l p. 128 Example 
5]. 

((I°°,w') top. complete e.g. with the w'-compactness of the unit ball [21[ p. 47 
Theorem 3] and w'-totally bounded norm bounded [U] p. 38 Theorem 1]. The / 
is ap since /(■)(«) £ AP(R, C) for each fixed s G R, so (y, /(•)) converges uniformly 
absolutely if y G Z\ (y, /(•)) e AP(R, C) by Corollary 4.9 and 4.4. 
/ not ssap: If a„ — > cx) and /(a„) — > pointwise on R, then 1^9 is a character on R 
and Lebesgue-measurable, then continuous, so (/^(s) = e*'^'* with some w G R (e.g. 
[551 p. 69 Satz 2]), with Lemma 9 of [271 P- 140] one gets a contradiction.) 

11. X — C* in example 10 shows that Eberlein's theorem (e.g. [31] p. 58 The- 
orem 1]) becomes false already for complete locally convex topological linear spaces. 



12. Example 10 shows, that Corollary 4.11 becomes false without " F{G) has (Aq)" , 
for G, X, / of Example 10 even " F{G) has (Aq)" holds, one cannot omit the closure 
of f{G). {ip, G f{G), tp{r) = 'ip{r) for rational r, (p, ip continuous ^ ip — ip.) 



13. Also /(G) complete is essential for Corollary 4.11: For G, / of example 10 
and X = BC{G, C) = {/ : R — > C | / continuous bounded} with the topology of 
pointwise convergence one has (Aq) even for X,fE AP{M.,X), still / is not ssap 
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by the proof in example 10. 



14. G, /, X of example 10 give simultaneously an explicit example of an almost 
periodic / with Bohr spectrum (JbH) uncountable, = R; for other such exam- 
ples see [371 P- 140, example 6]. (For ctb to be defined a suitable mean M : 
AP{G, X) — > X is needed, existing for locally convex topologically complete com- 
plex linear spaces [H], I^, [35], [23], EZl P- 112]; with this, G = R, Fourier 
coefficient c^(/) := M(/^),a; S R,ipUt) = e'"*,aB(/) := {c^ e M | c^(/) ^ 0}; 
here C(^(/) = S^,Su{lo) = 1, else 0.) 

15. In "/ L-Bohr ap and L-uniformly continuous" resp. "/ RBap and Rue" in The- 
orem 4.1 the " L-Uniformly continous" resp. "Rue" cannot be omitted or replaced 
by "Rue" resp. "Luc": There exist topological groups G and even / : G ^ C 
with / R-Bohr ap, but / not R-uniformly continuous and thus / not L-Bohr ap 
(Lemma 5.2), / not ap in the sense of Definition 4.2 [11] Example 1 p. 490, and 
the references there]; a first such example has been given by Wu [47) : 

G = group of Euclidian motions of the plane — C, 
G = {{z,w) \ z,w d C, \w\ = 1}, with 

(6.3) (z' ,w'){z,w) := {z' + w' z,w'w) 
and the usual induced topology; 

(6.4) f{z,w) := e'^^-M^ (z^w) ^ Q. 
G is even solvable and a Lie group, / G G(G,C); 

/((z, u))(27rfc -I- iy, 1)) = f{z + u)(27rfc -f- iy), w) — f{z, w) 

shows (27rZ + «, 1) C Pr(/, e) for any e > 0. With K :^ {{x,w) \ < x < 2tt,w £ 
C with \w\ — 1} compact C G one has Pnif, — G so f is RBap. 
/ is not Rue: 

\f{iu,v){z,w)) - f{u,v)\ = |(e«^(«+-^/"-) _ e'Roiu/v) 



-: \A + B\ 

should tend to as {z,w) — > e = (0,1), uniformly in {u,v) G G, especially for 
w l,ii G M. 

Now A — > as z 0, u) — > 1, uniformly in w if w = 1; 

however, if w = 7r/(l - w), w ^ 1, \B\ = [e»R°(("/«')-") - 1| = |e'''^/'" - 1| ^ 2 / 0: 
/ is indeed not Rue. 

16. The G of example 15 shows that for non-abelian non-compact groups in general 
the left uniformity and the right uniformity are different, already for metric 
complete locally compact solvable (=" almost abelian") groups. 

17. If Wd ■■= (R, +) in the discrete topology, AP(R, C) strictly C AP{Rd, C), there 
exist bounded characters G AP{M.d,C) which are not even Lebesgue measurable 
[Si p. 90/91, Satz 6, Satz 7]. 

7. Questions 

1. Do there exist G,X, f : G ^ X so that Phif, U) is weakly Frd resp. weakly rd 
for allU € ^ , but / is not almost periodic? 
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2. Exist G and M, K C G with KMK = G and K compact (resp. finite), but for 
no compact (resp. finite) L C G one lias LM — Gl 

3. Do tliere exist f : G X with / Luc and Rue, but / not uc (Definitions 3.13)? 
(For any fixed topological group G, the following 4 properties can be shown to be 
equivalent: 

(a) For all uniform X and f : G ^ X, f Luc ^ / Rue. 

(b) G satisfies (6.1) 

(c) Left and right uniformities of G conincide, "Wl — "^r- 

(d) For all X and f : G ^ X, one has: / Luc ^ f Rue ^ / uc.) 

4. Do there exist groups G, X and /, 5 S AP{G, X) with fg not ap (see Corollary 
4.9)? 

5. Do there exist / : G — 5- X so that to each C/ e there is a totally bounded 
T C G with TPl(/. U) = G, but / is not ap, though it is (left) uniformly continu- 
ous? 



6. Can one generalize Corollary 4.11, e.g. is it true if /(G) is only sequentially 
complete? (See ^ p. 204], [HI (86)], Example 6.8) 

7. Under what assumptions are Lssap, Rssap, LRssap, ssap equivalent (not neces- 
sarily equivalent with ap)? (Analog to Maak's Lemma 5.1, Lssap => ssap.) 

8. Do there exist / as in examples 6.10, 6.12, 6.14 with X = Hilbert space in its 
weak topology (and G abelian)? 

9. What of (86) of [57] holds if {B,w) is replaced by {B',w')l (see example 6.8 
and [271 p. 135, 136, 144, 146].) 

10. Does the weak closure of /(M) in ^°°(R, C) of example 10 satisfy (^0)? 

11. Does an analog to Lemma 5.1 hold for Maak-ergodic f : G X (See [SSI p. 
36, 38] for X = C)? 

12. A streamlining of the proof of Theorem 4.1 would be nice. 

References 

[1] Amerio, Luigi: Funzioni debolmente quasi-periodiche. Rend. Sem. Mat. Univ. Padova 30 
(1960), 288-308. 

[2] Amerio, Luigi, Giovanni Prouse; Almost-Periodic Functions and Functional Equations. Van 
Nostrand, New York 1971. 

[3] Andres, J., A. M. Bersani, R. F. Grande: Hierarchy of almost-periodic function spaces. Rend, 
di Mat., Ser. VII, vol. 26 (2006), 121 - 188. 

[4] Arendt, Wolfgang, Charles J. K. Batty, Matthias Hieber, Frank Neubrander; Vector-valued 
Laplace Transforms and Cauchy Problems. Birkhauser, Basel 2001. 

[5] Basil, Bolis, Hans Giinzler: Generalized Vector Valued Almost Periodic and Ergodic Distri- 
butions. Analysis Paper 113, Monash Univ., Sept. 2002, 65 pp. 

[6] Basil, Bolis, Hans Giinzler: Difference Property for Perturbations of Vector Valued Levitan 
Almost Periodic Functions and their Analogs. Russian J. of Math. Physics 12 (2005), 424-438. 

[7] Basil, Bolis, Hans Giinzler: Generalized vector valued almost periodic and ergodic distribu- 
tions. J. Math. Ann. Appl. 314 (2006), 363-381. 

[8] Berglund, John F., Hugo D. Junghenn, Paul Milnes: Analysis on Semigroups. Wiley, New 
York 1989. 

[9] Bochner, Salomon: Beitrage zur Theorie der fastperiodischen Funktionen, I. Teil. Math. Ann. 
96 (1927) 119-147. 

16 



[10] Bochner, Salomon: Abstraktc fastperiodische Funktionen. Acta Math. 61 (1933), 149-184. 
[11] Bochner, Salomon, John von Neumann: Almost periodic functions in groups, II. Transact. 

Amer. Math. Soc. 37 (1935), 21-50. 
[12] Bochner, Salomon: A new approach to almost periodicity. Proc. Nat. Ac. Sci. USA 48 (1962), 

2039-2043. 

[13] Bohl, Piers: Uber eine Differentialgleichung der Storungstheorie. J. f. d. reine u. angew. Math. 
131 (1906), 268-321. 

[14] Bohr, Harald: Sur les fonctions prcsque periodiques. C. R. Acad. Sci. Paris 177 (1923), 737- 
739. 

[15] Bohr, Harald: Zur Thcoric dcr fastpcriodischcn Funktionen. I. Eine Verallgcmcincrung der 
Theorie der Fourierreihen. Acta Math. 45 (1924), 21-127. 

[16] Bohr, Harald: Zur Theorie der fastperiodischen Funktionen, II. Zusanmienhang der fast- 
pcriodischcn Funktionen mit Funktionen von unendlich vielen Veraiiderlichcii; gleichmafiige 
Approximation durch trigonometrische Funktionen. Acta Math. 46 (1925), 101-213. 

[17] Bohr, Harald: Fastperiodische Funktionen. Jahresber. d. Deutsch. Math. Vereinigung 34 
(1925), 25-40. 

[18] Bohr, Harald: Uber die Verallgemeinerungen fastperiodischer Funktionen. Math. Ann. 100 
(1928), 357-366. 

[19] Bohr, Harald: On the definition of almost periodicity. Journal d'Analse Mat. 1 (1951), 11-27. 
[20] Burckcl, R. B.: WeaJfly almost periodic functions on semigroups. Gordon and Brea<;h, New 
York 1970. 

[21] Day, Mahlon M.: Normed Linear Spaces. 3rd ed.. Springer, Berlin 1973. 
[22] Giinzler, Hajis: Eine Charakterisierung harmonischer Funktionen. Math. Ann. 141 (1960), 
68-86. 

[23] Giinzler, Hans: Fourierreihen vektorwertiger fastperiodischer Funktionen auf Halbgruppen. 

Seminar W. Maak, Bericht Nr. 5, 1961. 
[21] Giinzler, Hans: Beschrankungseigenschaften von Losungen nichtlinearer Wellengleichungen. 

Math. Ann. 167 (1966), 75-104. 
[25] Giinzler, Hans: Vector-valued functions on semigroups with almostpcriodic differences. Acc. 

Naz. Lincei, Rend. Class. Sci. fis. mat. e nat., Ser VIII, vol. XLII, fasc. 6 (1967), 775-781. 
[26] Giinzler, Hans: Means over countable semigroups and almost periodicity in l^. J. f. d. reine 

u. angew. Math. 232 (1968), 194-206. 
[27] Gunzler, Hans: On the countability of the spectrum of weaJdy almost periodic functions. 

Rend. Sem. Mat. Fis. Milano LII (1982), 109-147. 
[28] Giinzler, Hans: Integration. Bibl. Institut, Zurich 1985. 

[29] Hagihara, Y.: Piers Bohl's Work On Celestial Mechanics. Smithsonian Institution, Astro- 
physical Observatory, Cambridge, Massachusetts 1967. 
[30] Hewitt, Edwin, Kenneth A. Ross: Abstract Harmonic Analysis, I. Springer, Berlin 1968. 
[31] Kelley, John L.: General Topology. Van Nostrand, Princeton 1969. 
[32] Kothe, Gottfried: Topological Vector Spaces, I. Springer, Berlin 1969. 

[33] Levin, B.: A New construction of Levitan's theory of almost periodic functions [Russian]. 

Doklady Acad. Nauk SSR 62 (1948), 585-588. (Zentralbl. Math. 33 (1956) 269-270, Math. 

Rev. 10 (1949), 293) 
[34] Levitan, B. M.: Almost periodic functions [Russian]. Moscow 1953. 

[35] Levitan, B. M., V. V. Zhikov: Almost periodic functions and differential equations. Cambridge 
Univ. Press 1982. 

[36] Maak, Wilhelm: Eine neue Definition der fastperiodischen Funktionen. Abh. a. d. Math. Sem. 

d. Hansischen Univ. 11 (1936), 240-244. 
[37] Maak, Wilhelm: Abstrakte fastperiodische Funktionen. Abh. a. d. Math. Sem. d. Hans. Univ. 

11 (1936), 367-380. 
[38] Maak, Wilhelm: Fastperiodische Funktionen. Springer, Berlin 1950. 

[39] Maak, Wilhelm: Integralmittelwerte von Funktionen auf Gruppen und Halbgruppen. J. f. d. 

reine u. angew. Math. 190 (1952), 34-48. 
[40] Maak, Wilhelm: Fastperiodische Funktionen auf Halbgruppen. Acta Math. 87 (1952), 33-58. 
[41] Milnes, Paul: On Bohr almost periodicity. Math. Proc. Cambr. Phil. Soc. 99 (1986), 489-493. 
[42] von Neumann, John: Almost periodic functions in a group. I. Trans. Am. Math. Soc. 36 

(1934), 445 - 492. 

[43] von Neumann, John: On complete topological spaces. Trans. Amer. Math. Soc. 37 (1935), 
1-20. 

[44] Reich, Axel: Prakompakte Gruppen und Fastperiodizitat. Math. Zeitschr. 116 (1970), 218- 
234. 

[45] Reich, Axel: Kriterien fiir Fastperiodizitat. Math. Ann. 227 (1977), 97-115. 
[46] Schwartz, Laurent: Theorie des distributions. Hermann, Paris 1966. 



17 



[47] Wu, T. S.: Left almost periodicity does not imply right almost periodicity. Bull. Amcr. Math. 
Soc. 72 (1966), 314-316. 

[48] Zaidmann, Samuel: Almost periodic functions in abstract spaces. Research Notes in Math. 
126, Pitman, Boston 1985. 

Mathcmatisches Seminar 
Universitat Kiel 
D 24098 Kiel 

Germany 

guenzler@matli.uni-kiel.de 



18 



